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Abstract

The aim of this theoretical and experimental study is to provide a complete methodology to estimate the intrinsic
diffusivity of semi-transparent media from flash method experiments. A semi-analytical model describes the coupled
conductive-radiative transient heat transfer in a slab. The relevance of the model used for the inversion is then in-
vestigated. Experimental results are presented for several semi-transparent samples: float glass, SiO, and ZnSe. Mea-
surements of rear face temperature are obtained by optical way (infrared detection) for a wide temperature range
(293-700 K), for several radiation boundary conditions (black or gold coatings). The results are compared with those
obtained through an other set-up and an other experimental procedure.

© 2003 Elsevier Ltd. All rights reserved.

1. Introduction

In the last decade, a number of authors took interest
in the coupled conductive and radiative heat transfer
and studied the transfer mechanisms in terms of the
temperature response [1-6]. Within semi-transparent
media such as window glasses, crystalline ceramics and
insulated foams, energy can be transferred by radiation
in addition to heat conduction. In this case of combined
heat transfer, the measurement of the thermal intrinsic
diffusivity becomes a challenge: in participating media,
the measured diffusivity—estimated thanks to a purely
conductive model—is an apparent one. It takes both
conductive and radiative transfers into account.
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In order to obtain the true thermal diffusivity (which
must be determined without any contribution from ra-
diant transmission), a model including both radiative
and conductive effects has to be built in a first stage. The
model presented in the first part is based on a kernel
substitution technique [7]. It provides the temperature
rise of the medium, which can absorb, emit and aniso-
tropically scatter thermal radiation. The problem of
parameter estimation is then studied in a theoretical
way: estimations are performed on simulated noised
thermograms. It is proved that the estimation of the
phononic diffusivity is obtained with a good accuracy.

In a second part, transient measurements are per-
formed by an optical way. A new original flash set-up
has been developed in order to measure the rear face
temperature of samples such as float glass, silica glass
and zinc selenide. The flash experiment allows to reach
the intrinsic diffusivity through an inverse data treat-
ment using the right combined model. This method is
then compared with the gold boundaries method [5]
commonly used for the thermal diffusivity measure-
ment of semi-transparent materials (where inversion is
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Nomenclature
apn phononic diffusivity 4/pc (m?s™!) € emissivity
c heat capacity JkgK™") yl thermal conductivity (Wm™' K1)
e slab thickness (m) U cos(0)
h heat loss coefficient (Wm—2K™) ¢ heat flux density (W m~2)
H Biot number /e/A 0 phase function
j intensity p density (kgm™3)
iy black body intensity s scattering coefficient (m™')
Nyl Planck number A8/4n’¢T; o Stefan Boltzmann constant
n refractive index o gray optical thickness (k + o)e
P reduced Laplace parameter e’p/o,, T gray optical depth (k + o)z
0 heat pulse energy surface density (Jm™2) 0 reduced temperature T — T, /(Q/ pcpe)
T temperature (K) o scattering albedo o,/f
t reduced time ayt/e’ .
z space coordinate orthogonal to the sample Superscripts .
faces (m) + refers to the forward d1rept104n
- refers to the backward direction
Greek symbols A refers to an estimated quantity
p extinction coefficient (o, + x) (m™")
K absorption coefficient (m™')
implemented using the classical conductive model in the
case of reflective boundaries and small optical thickness —>
of the sample). * (0)
— > )
2. Theory i ‘(z',u) i +(r,u)
. ) —> o M e
2.1. Physical model and assumptions
?y / u FeosoV /) 9(c.,t)
The physical system is an uniform plane parallel 4 i z o
ray medium confined within opaque walls. Diffuse , emitung
grazf emissivities and reﬂectivitiels) (altre assumed. The > mbsorbmg i
coordinate system and the physical model are presented Ve
in the Fig. 1. The semi-transparent slab absorbs, emits —> & scattering €.
and scatters anisotropically. It is initially at uniform .
temperature 7; and receives a heat pulse stimulation Q e 1 7,)
on its front face (flash method). The variation of the
rear-face temperature with respect to time ¢ is then S

considered.
2.2. Mathematical formulation and analytical approach

The governing equations of the coupled conductive—
radiative transient problem considered are given by

P i) = (1 o)
1
+5 [ e ()
2
ﬂzﬂa %&z» t) _ ﬁaqra(?t) = pc ag(a? t) (2)

Fig. 1. Scheme of the medium.

where u is the cosine of 0, i is the radiation intensity, i,
the intensity of the black body, n the refractive index,
7 = fiz the optical depth, w, the albedo, ®(u, ') the
phase function, f the extinction coefficient, 7, the ref-
erence temperature, 0 = (T — T)/{Q/pce} the reduced
temperature, ¢, the radiative heat flux, p the density, ¢
the calorific capacity and e the sample thickness.

In order to obtain a semi-analytical solution, the
same method as described in [6] and [14], based on the
exponential kernel technique [7] is performed then.
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The Laplace transform 0(p) = 0+ *0(t) exp(—pt)dt is
applied and the dimensionless temperature is found to
satisfy the following differential equation:

&mﬂ_gfm@
dr* dr?

+C 5(1) =0, 3)
where the following coefficients are defined:

B g® +4ar%(l — )
Nyl

1/2
8 = 211 1 S
= ( — 0)()(1(11) — Woa — Zwoaaz ﬁ — To

+p C=8"p 4)

+2)p* — b —3ap? + %2 =0

- (3
and (a,b) solutions of {a belo,1]

(6)

Coefficients a; and a, are the coefficients of the first
terms of the Legendre polynomial series expansion
of the phase function with (a,b) = (3/4,3/2) and a; =
a>» = 0 in the case of an isotropic scattering medium.

The solution of this fourth-order ordinary differential
temperature equation is

mﬂzzy@ﬂ (7)

where the o;’s are four constants determined from
boundary conditions and the o;’s the four roots of the
characteristic equation of Eq. (3). Appropriate radiative
and energy conservation equations written at the
boundaries (t =0 and 7 = 179) of the sample allow to
calculate the four o,’s—see the quadrupole formulation
presented in [8, Chapter 8]—and a numerical inversion
of the Laplace transform yields the simulated rear face
thermogram (temperature versus time curve).

2.3. Reduced model in view of parameter estimation
problem

The media are assumed to be gray for the previous
analytical approach to be valid or, if it is not the case,
the non-grayness of materials is taken into account
through mean radiative coefficients.

These strong assumptions will be discussed in Sec-
tions 2.4 (simulation of estimation) and 3.5 (experi-
mental estimation) but they are already justified, at this
point, by the following considerations:

e Heat transfer is of the coupled conductive and radia-
tive type: as a consequence the radiative effects are
not as important as in the case of a purely radiative

heat transfer. Moreover the above model, which is
a reduced model, is only used to simulate a tempera-
ture response (and not an intensity field) to a given
heat flux stimulation: surface temperature is the only
state variable that is observed.

o [tis well known that the radiative properties of media
may strongly depend on the wavelength but this hap-
pens mainly for gases and not for the solid condensed
media we are interested in: these types of materials
have a relatively smooth absorption or scattering co-
efficient.

e The purpose of the semi-analytical model presented
here is not to be used as a direct model but to be im-
plemented to invert temperature measurements in or-
der to estimate a conductive parameter (the radiative
parameters are not looked at, even if they have to be
present in the model that is used for thermal diffusiv-
ity estimation).

The non-grayness effect on the parameter estimation
will be investigated in the next section for a test case.

2.4. Theoretical study of parameter estimation

Before using a model for parameter estimation [9]
from experiments, it is necessary to check:

e which parameters will be correctly estimated,;

e which parameters will be poorly estimated but are
necessary to take into account the kind of physical
mechanisms involved in the experiment;

e which parameter must be eliminated because of a
lack of sensitivity that can possibly make the estima-
tion procedure impossible (depending on the robust-
ness of the estimation).

A complete theoretical study using stochastic and
statistic tools has already been performed [10]. In the
case of an experiment on an absorbing emitting but non-
scattering medium, the four parameters of the model
are: the optical thickness 7, the Planck number N, the
phononic diffusivity ay, and the Biot number A (in order
to take the heat losses into account).

Several estimations on simulated noised thermo-
grams have been carried out and the sensitivity curves
have been studied. An example of parameter estimation
is presented in Fig. 2. It corresponds to a simulated
thermogram that has been corrupted by an additional
uncorrelated gaussian noise of constant standard devi-
ation equal to 0.5% of the maximum of the reduced
thermogram. The real values of the parameters are
79 =0.1, Ny = 0.4773, H =0.05, ap, = 5x 1077 m?s~!
and the estimated values are 7y =0.10116, N, =
0.48084, H = 0.050376, ay, = 4.9949 x 1077 m*s~!. The
sensitivity of the temperature signal to the phononic
diffusivity is very high and appears to be uncorrelated
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1:0:0.101 16, Np|:0'48084 , H=0.050376 et aph:4.9949.10'7 mzls
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Table 1
Silica absorption coefficients for a six bands model (non-gray
approach)
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Fig. 2. Estimation on a noised thermogram and sensitivity
curves.

with the other parameters. Therefore the estimation of
the phononic diffusivity can be obtained with a good
accuracy and the residuals between the simulated noised
thermogram and the estimated reconstructed thermo-
grams are very small.

The latter remark relative to the case presented in
Fig. 2 can be made for all the cases (i.e. investigating the
non-linearity of the parameter estimation problem to-
wards the parameters has been studied in detail in [10]
and [11]).

The relative error for the estimated diffusivity, cal-
culated either through stochastic tools (covariance ma-
trix of the linearized estimator) or through statistic tools
(Monte Carlo simulations), does not exceed 2% even if
some radiative properties (such as spectral absorption
coefficient, internal emissivity of the opaque walls) are
not known exactly.

2.4.1. Parameter estimation for a non-gray medium: test
case on a silica glass

In order to test the ability of the semi-analytical
model to determine—in the most general case of a
non-gray medium—thermal diffusivity, estimation on a
thermogram obtained with a multi-band numerical
model has been performed. The absorption coefficient
of a silica glass sample is given for six spectral intervals
in Table 1 for a temperature of 773 K [5].

Results concerning the parameter estimation are
presented in Table 2 where the nominal Planck number
and the nominal optical thickness have been calculated
with the mean Rosseland absorption coefficient calcu-
lated with the real six band spectrum.

The value of the estimated diffusivity is very close to
the nominal diffusivity value. That proves the ability of
the gray model to yield the intrinsic diffusivity of a non-
gray medium in a least squares estimation using a

Wavelength (um) Absorption coefficient (cm™!)

0.8-2.0 0.01

2.0-2.4 0.13

24-3.4 0.60

3.4-3.8 0.90

3.8-4.68 4.80

4.68-54.94 500
Table 2

Parameters estimation for a non-gray medium (with or without
noise)

To Npl Aph (107)
Nominal 0.1733 1.051 5.7305
Without noise ~ 0.22385 1.1697 5.7333
With noise 0.2237 1.1744 5.7344
a; = 0.005 0.0017 0.0101 0.0027

thermogram produced by the a rear face flash experi-
ment (here the simulated thermogram is obtained with a
six bands model). This result is valid only if the radiative
coefficients spectral variations are smooth (continuous
variation with wavelength, case of the semi-transparent
media studied here). It is interesting to note that this
analysis (estimation of theoretical gray coefficients from
a non-gray theoretical simulation ) shows that the values
obtained for the optical thickness are of the same order
as those obtained with the mean Rosseland absorption
coefficient.

This comparison between gray and non-gray behav-
iour on temperature responses has been already per-
formed twice [8, p. 320-325]:

e using the results of Tan et al. [13] for front face non-
gray simulations of a semi-transparent slab submit-
ted to a Heat Flux Step;

¢ using numerical non-gray simulation of André [14] of
the flash method performed on borosilicate and pure
silica glass using rectangular spectral band model
with up to 10 spectral intervals.

The conclusion is always the same:

e there always exists an equivalent gray coefficient that
match the response of the non-gray sample. This is of
course valid only because the temperature variations
of the sample are confined around a mean constant
temperature (unique emission spectrum). Each flash
experiment at a given reference temperature 7 is gen-
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erating a very small temperature rise compared to Tj
(a few Celsius degrees).

e [t is shown (but not explained) that this equivalent
mean absorption coefficient is generally very close
to the Rosseland one.

e [t is shown that, in all cases, this parameter (the ab-
sorption coefficient deduced from the optical thick-
ness) is necessary for the model (in order to
reproduce physical effects that are clearly due to the
radiation phenomenon) but it is not correlated with
the thermal diffusivity, the parameter we want to
measure (metrological concern).

We think that, as far as the parameter estimation
problem is concerned, these three arguments justify the
use of our reduced model for estimating thermal diffu-
sivity (there is no concern in measuring the other radi-
ative parameters).

Since this conductive-radiative transient model is
able to estimate the phononic diffusivity of semi-trans-
parent materials, transient temperature measurements
have been performed in order to determine the phononic
diffusivity of semi-transparent samples.

3. Experiments

The aim of the experiments is to measure the rear
face transient temperature of the sample when its
front face absorbs a heat pulse. The phononic diffu-
sivity is estimated, from the thermogram, in a second
stage.

The experimental set-up and the semi-transparent
samples are described in this section. Results in term of
transient temperature measurements and phononic dif-
fusivity estimation are then presented. To conclude, a
synoptic table is proposed in order to summarize the
advantage of our method compared with the classic gold
boundaries method [15].

3.1. Experimental set-up

The apparatus built in order to measure the phononic
diffusivity from 300 to 700 K is based on two basic
principles: excitation with flash lamps and temperature
measurement through an infrared detector). The use of
an infrared detector to measure the temperature is really
interesting when compared against other techniques
such as thermocouples (Bi,Te; and FeSi,): it permits to
avoid the error associated with the intrusive nature of a
contact measurement (fin-effect, contact resistance. . .). It
also limits the two-dimensional effects (non-uniform rear
face temperature of the sample).

The apparatus, presented in Figs. 3 and 4, is com-
posed of

e a mobile system of three flash lamps for the excita-
tion;

e an infrared HgCdTe detector for signal detection;

e an amplifier conditioner for the amplification and the
filtering of the signal;

e a numerical oscilloscope for data acquisition.

The sample is set in a measurement cell located inside a
double wall quartz bell. This bell fulfills the following
functions. The inner chamber can be evacuated in order
to allow measurements under semi-vacuum condition (5
Pa). Hot air is flowing through the space between the
inside walls in order to maintain the base initial tem-
perature level of the sample (from 300 to 700 K). The
quartz walls are transparent to the flash excitation in the
visible region.
Radiative shields limit the radiative heat losses.

3.2. Samples

The samples chosen for these experiments are ab-
sorbing and emitting materials (no scattering): float
glass, pure silica, zinc selenide. Their transmission
ranges, their optical and thermal properties are differ-
ent.

Float glass, that has been previously studied [12,15],
presents a low thermal conductivity (A =1 Wm~' K1)
and a transparency zone in the visible and in near in-
frared up to 2.5 pm.

Silica is a material without impurities. Its conduc-
tivity is close to the conductivity of glass.

Zinc selenide, usually used for optical lenses, has
been chosen for its wide transmission range.

The sample must be thick enough to avoid problems
due to the shape and duration of the excitation, to the
influence of the coatings and to non-linearity, but it
must be thin enough to have a significant rear face
temperature rise.

By using samples with two different thicknesses (silica
and zinc selenium) we are able to prove that the value of
the measured diffusivity is really intrinsic (it must not
depend on the sample thickness).

For the experiments, the sample is either coated with
gold (highly reflecting) or sprayed with a black paint
(highly absorbing and emitting). If the boundaries are
highly reflecting and the sample optical thickness small
the internal radiative effects remain low. Black bound-
aries (without gold coating) emphasize the radiative ef-
fects.

It is important to point out here that, even in the
case of gold boundaries, the three faces of the cylin-
drical samples are coated with a thin layer of black
paint in order to increase the energy absorption of the
sample to provide a significant rear face response (large
enough absorption of the visible light emitted by the
flash lamp).
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Fig. 3. Experimental apparatus.

3.3. Measurement of the transient rear-face temperature:
experimental thermograms

The temperature evolution of the rear face is pre-
sented for the most significant cases (Figs. 5 and 6):
sample of silica or zinc selenium, 4 mm thick and
black boundaries, that is to say when the radiative
transfer is emphasized. First, we put the stress on the
fact that the signal over ratio is very good without any
filtering of the signal (wide band pass filter larger than
100 kHz).

If attention is focused on the very short times, espe-
cially for the zinc selenium sample (see Fig. 6), we can
notice that there is a temperature jump. This tempera-
ture jump increases with the nominal temperature. This
phenomenon could be explained by the effect of radia-
tive heat transfer (in the case of purely conductive
transfer, this temperature jump does not exist). In this
case, a purely conductive model will not be able to es-
timate the phononic diffusivity: it is necessary to take the

radiative effects into account thanks to the coupled
conductive-radiative model.

3.4. Parameter estimation procedure

From the rear face transient temperature measure-
ments, different models are used to estimate the diffu-
sivity:

e the conductive model which involves two para-
meters: the diffusivity and the Biot number;

e the coupled conductive-radiative model which in-
volves four parameters: the optical thickness, the
Planck number, the phononic diffusivity and the Biot
number.

It is interesting to study the experimental residuals,
which are the difference between the experimental ther-
mogram and the thermogram calculated with the esti-
mated parameters, are scrutinized.
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Fig. 4. Experimental apparatus (zoom).

Fig. 7 presents the residuals obtained for the sele-
nium zinc thick (4 mm) sample in the case of black
boundaries. The experimental residuals are very bad for
the conductive model, especially for very short times:
this confirms the previous simulations shown in Section
2.4 (the conductive model is unable to reproduce the
temperature jump at early times). The residuals are very
low for the coupled conductive-radiative model: this
shows that this model seems to be appropriate to yield
precise estimations of the phononic diffusivity.

3.5. Experimental estimation of the diffusivity

We present now experimental estimations of the
phononic diffusivity for three materials and two thick-
nesses (except for float glass where only the results for a
2 mm sample are presented) and different temperature
levels. Both models—purely conductive and coupled
radiative—conductive—have been used for these estima-
tions. Estimations have been made for gold-coated
or black painted samples. Each experimental point
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Fig. 5. Experimental thermograms for SiO, sample (4 mm, black paint).
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Fig. 6. Experimental thermograms for ZnSe sample (4 mm,
black paint).

presented in the following estimated diffusivity versus
temperature curves (Figs. 8-12) corresponds to an av-
erage of at least four estimations for the same sample.
Experimental estimations obtained previously by André
[15] for the same golden-coated samples using the purely
conductive model for inversion are also shown on these
figures where each point corresponds to only one ex-
periment here.

3.5.1. Float glass

Fig. 8 presents the thermal diffusivity of float glass
versus temperature. This variation of the diffusivity
presents a classical shape: it first decreases with tem-
perature, presents then a minimum for a temperature
range around 600 K and finally increases. These results
are the same as those found with another experimental

ZnSe (thick, black paint, 673 K)
1.5 T T

Residuals (conductive model) X 10

T=T T T T

100,
\
-\

0.5
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L
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- e
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0

T T T T

Residuals (coupled conductive radiative model) X10

o

Thermograms and Residuals

{1

T ik

0

Co o b

1 2 3 4
Time (s)

Fig. 7. Experimental and estimated thermograms and resi-
duals.

set-up (temperature measurement made by thermocou-
ple FeSi,) for gold-coated sample and estimation made
with a purely conductive model [15]. For this range of
temperature, there is no significant radiative effect for
the rear face thermogram; that is why we can not notice
any discrepancy between the diffusivity estimated with
the conductive or the combined model from experiments
on gold-coated or black painted samples.

3.5.2. Silica

In the case of silica samples (see Figs. 9 and 10) an
interesting phenomenon begins to appear for the diffu-
sivity at high temperatures. One can notice in Fig. 10 a
small difference between the diffusivity estimated in the
case of black boundaries with the conductive and the
conductive-radiative model. Since the radiative effects
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Fig. 8. Diffusivity of the float glass FCI.
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Fig. 9. Diffusivity of SiO, (2 mm thick sample).
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Fig. 10. Diffusivity of SiO, (4 mm thick sample).

becomes significant (they can be noticed on the thermo-
gram plotted in Fig. 5), the conductive model is unable
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Fig. 11. Diffusivity of ZnSe (2 mm thick sample).
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Fig. 12. Diffusivity of ZnSe (4 mm thick sample).

to estimate the diffusivity properly for high tempera-
tures: it overestimates its value. This effect is less im-
portant for the thin sample results shown in Fig. 9.
Comparisons of the results presented for the two
thicknesses (Figs. 9 and 10) show that the values of the
diffusivity estimated through the use of the coupled ra-
diative—conductive model are nearly identical (with a
maximum difference of 3% for higher temperatures).
This thickness independence of the estimated diffusivity
shows that our estimation technique yields the true
phononic diffusivity that must be an intrinsic parameter.

3.5.3. Zinc selenium

In the case of the zinc selenium samples—see the esti-
mated diffusivities shown in Figs. 11 and 12 for the two
thicknesses—the radiative effects are more important than
those observed for the silica samples (see the very sig-
nificant temperature jump in Fig. 6): there is no doubt
that the use of the conductive model on the black painted
samples yields an overestimation of its diffusivity. In this
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Table 3
Comparison between the gold boundaries method and the black
boundaries method

Gold boundaries Black boundaries

method method
Modeling Model with two Model with four
parameters parameters
Estimation True ? thermal True thermal
diffusivity diffusivity
Experiments Gold Black paint
Cost 150%/sample S$/spray cartridge
Time 3 days—4 weeks 1/2 day
Easy No Yes

case the estimated value does not correspond to the
phononic diffusivity but to an apparent diffusivity in-
cluding the effects of radiative transfer.

Comparison of both thickness results (gold-coated
samples with inversion by both models or black painted
samples with inversion by the coupled model) shows
that the estimated diffusivity (provided by the same
model) does not differ by more than 3% or 4% for the
two different thicknesses. This leads to the same con-
clusion as for the silica sample: the intrinsic phononic
diffusivity seems to be reached by the coupled model.

3.6. Comparison between the classic gold boundaries and
the black boundaries methods

The black boundaries method which consists in
spraying black paint on the sample and in estimating the
thermal diffusivity value with the combined conductive
radiative model presents several advantages. It provides
the thermal diffusivity value with a good accuracy
(<5%). It also avoids gold coatings. Moreover, it is quite
impossible to know, in the case of gold boundaries
method, if the radiative effects could be neglected. As a
result, the diffusivity is overestimated and is not the real
diffusivity but an apparent one.

The comparison, between the classic gold boundaries
method and the black boundaries method, is summa-
rized in Table 3 in terms of modeling, estimation and
experimental point of view.

4. Conclusion
In this paper, a complete methodology for deter-
mining the phononic diffusivity of semi-transparent

materials is proposed:

e A semi-analytical model permits to obtain the ther-
mal response of the media in the case of transient

combined conductive-radiative heat transfer and a
theoretical study demonstrates the ability of the
model to estimate the phononic diffusivity of semi-
transparent media in an accurate way.

e A new experimental set-up is developed in order to
measure, with an infrared detector, the evolution of
the rear-face temperature of semi-transparent sam-
ples such as glass, silica and zinc selenium.

The quality of the thermograms (excellent signal/
noise ratio) stems from the experimental equipment that
has been used (radiative excitation and detection). The
measurements, made by an optical way, allows to avoid
all the difficulties encountered with the classical appa-
ratus using contact thermocouples for temperature
measurements (thermocouple intrusive effects caused by
a high temperature difference between its hot and cold
junctions, electrical contact with the sample that must be
covered with a metal paint, offset problem for the am-
plifier caused by the temperature gradient).

The black boundaries method proposed here could
supplant the classical gold boundaries method (less ex-
pensive, quicker and more precise).
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